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Ans. : 7:12

Note : One way to interpret the problem is to think of a 24-hour clock with two hands both starting
at 0:00. One hand (representing the slow clock) moves with (angular) speed (1—%) xi—j and the

other hand (representing the fast clock) moves with (angular) speed (1+ %) X i—z We want to find

the time t (in hour-minute) after which the difference in angle traversed by the two hands is 7,

that is, (@xz—’z —@xz—”) xt=m,0ort=72/5. Hence, after 14 hours and 24 minutes (the true
60 24 60 24

time), the slow clock shows 7:12 (a.m.) while the fast clock shows 7:12 (p.m.). This is the first

instance after 0:00 when both clocks look the same. (The actual time is 2:24 p.m.)

Another way to solve the problem is let t be the number of hours passed when two clocks look
exactly the same for the first time. Then [t/2-4/3t| has to be equal to 12n for some integer n. If n=1,
then t=72/5. One can then verify that t=72/5 is actually a solution to the problem.

|Ans : There are many possible solutions\

eg 1423
3241
4132
2314
Note : Basically there are only two solutions, namely,
1342 1423
4213 3241
2431 4132
3124 2314

All other solutions are obtained from either one by
(1) permuting 1,2,3,4, (ii) rotation, (iii) reflection, or combination thereof. To get the two, first put on
one diagonal 1,2,3,4 in that order, then deduce the rest.

Ans : 2007

(22 +47 + ...+ 20067 )— (17 + 3% + 52 + ..+ 2005
(2+4+...+2006)— (1+3+5+...+2005)
~ (2006% —1%) + (20042 —3?) +...+ (2% — 2005%)
~ (2+4+..4+2006)— (1+3+5+...+2005)
_ (2006 +1)(2006 —1) + (2004 + 3)(2004 — 3) + ...+ (2 + 2005)(2 — 2005)
- (2+4+..+2006)— (1+3+5+...+ 2005)
_ 2007[(2006 —1) + (2004 — 3) + ... + (2 — 2005)]
~ (2+4+...4+2006)— (1+3+5+...+ 2005)
= 2007




(22 + 47 + ...+ 20067 ) (1? + 3% + 52 + ...+ 20057
(2+4+...+2006)— (1+3+5+...+ 2005)

(22 -1%)+ (4% -3%)+L +(2004% —2003?) + (2006% — 2005°)

(2-1) +(4-3)+L + (2004 —2003) + (2006 — 2005)
_(2-D(2+1) +(4-3)(4+3)+L + (2004 —2003)(2004 + 2003) + (2006 — 2005)(2006 + 2005)
B 1003

_ 3+7+L +4007 +4011
B 1003

_ (3+4011)(1003) + 2

B 1003

= 2007

1+2+3+4+ X5+ (Xs+1) + (X5 + 2)+ (X5 + 3) + (X5 + 4) + (X5 + 5) < 2006
2006-1-2-3-4-1-2-3-4-5>6Xs

xs < (2006 — 25) / 6 = 330.1,

The greatest positive integer satisfying the above inequality is 330.

Ans. : 2006
Consider

9| 62xy427
9| 6+2+x+y+4+2+7, 9|x+y+3, X+y=6o0r1i5
11| 62xy427

11| 6+x+4+7)-(2+y+2), 11|13+x-y, x-y=-2,
X=2, y=4
500x + 250y + 6 = 500(2) + 250(4) + 6 = 2006

Ans. : 982

Consider n® + 3n + 2006
=n? (n + 3) — 3n% + 3n + 2006
=n?(n+3)-3n(n+3)+12n + 2006
=n? (n + 3) — 3n(n+3) + 12(n+3) + 1970

If (n+3) | n®(n + 3) —3n (n + 3) + 12n + 2006,
(n+3) | 1970
1970 = 2(5)(197)
N+3=197 or n+3=3%or n+3=985
n=194 or n=391 or n=0982
Therefore the greatest possible value of n is 982

Ans. : ¥5

" [x] and 4 are integers, .". x% is an integer
Thusx= 3N and N should be an integer too.
Now, find Nsuchthat N —[¥N]=4
WhenN=2,3,4,56,7,  IN=1
N=5andx= 35



8. Ans.: (10,1)

Explanation: Reflect A in the perpendicular bisector of BC.

9. /Ans.:18cm

1% quadrilateral: 18 cm
2" quadrilateral: 18 cm
3" quadrilateral: 18 cm
Explanation: These are the quadrilaterals formed.
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10.
Let the numbers be x andy.  Since
X+y=Xy=2,
8= (x+y) =X’ +y +3xy(x +y) =X +y* +3(2)(2)
=x+y3+12

Hence x® +y* = —4.

11. |Ans. : 8 km/h
Let ¢ be the speed of the current and s the speed of the ferry in still water. Then the downstream and
upstream speeds are m + s and m — s respectively.  After the ferry doubles its still water speed, the
downstream and upstream speeds are 2m + s and 2m — s respectively. Since the distance is 60 km
and the time is distance + speed, we have

60 _ 60 _5 and 60 _ 60 1
m+s m-s 2m+s  2m-s
Simplifying the equations to get
5m? - 5s° = 120s and 4m? — s* = 120s
Substituting to get m = 2s, we get s = 8.
12.
o 3(167 — x) L
The equation is equivalentto y= 4 For y to be a positive integer, (167 — x) must be a

positive multiple of 4. This is true for 41 positive integers x =4k + 3, k=0, 1, 2, ..., 40.

13. |Ans.:22 + 8.6

Letx= y4++4++/4 . Since V4=2,x= Ja+6 ,x*= 4+6,
andx*=(x)?=16+8/6+6 =22+86




14.

15

16.

17.

Let AB=2x. Then BP=QD =x, S
AP =QC = 5x [Pythagoras’s Theorem]
By considering the two similar triangles,

P

e.g. Consider A AQS and AABP Q
QB _AS_ x
2x X  Bx R

2 1 D ¢

S=RP= —=x,AS=RC= —x >
© N N
2 1 2
Therefore the area of the no shaded part = (x)(2x) + (—=x)(—=x) = 2.4x
part = (X)(2x) + ( NG X NG )
The area of the shaded part = 1.6x?
The proportion of the shaded area to the square ABCD is 40%.
"." Area of AAPB : Area of ARPB=70:35 AP:PR=2:1and C
Area of AACP : Area of ARCP=2:1
84 +x=2y
S
Similarly H
35
Area of ABCP : Area of ABTP = Area of AACP: Area of AATP 40 | 30
A
T B
y+35 x+84
30 40

4(y+35) = 3(2y)
y=70, x=56

The area of AABC=84+35+30+40+ 70 +56 =315

ANS. : 44Tﬁcm

It can be shown that the triangle has to travel around the square 3 times before its vertices are again

in their initial positions. The point P undergoes 24 moves, 8 of them % of one revolution, 8 of

them é of one revolution, and 8 of them traverse no path. Thus the length of the path traveled is

8x27rx1+8x27rxl=44—ﬂcm.
3 12 3

/Ans. : 92 - 25 z (cm)|

Join OE and OF.

In AOBE,
OB:OE=8:10=4:5
and BE:OB:OE=3:4:5
..BE =6cm

In AOCF,
OC:0OF=6:10=3:5 8 gan Bem  C




18.

andOC:CF:0OF=3:4:5

.CF=8cm
® AOBE= AOCF
.. ZEOF =90°

Area of sector OEF =257
The area of the shaded region = (14)(10) - 257 - 48 =92 - 257 (cm)

The required solid is formed from cutting two pyramids from a cube of side 2cm. Consider a cube
of side 2cm. Two pyramids are cut off along the plain BDE and CFH.

Therefore the volume of the required solid is:

22-2(2x2+3) = 5%cm3

Part B

19.

20.

Ans. : 2,2,3,7,8/

Note : Let the five positive integers be a,b,c,d,e. Let S be their sum. Then the five sums obtained
by taking four at a time are S-a, S-b, S-c, S-d, S-e. These five sums add up to 4*S. Four of the
five are mutually distinct, meaning that two of them are equal, say x. Hence, we have
14+15+19+20+x=4*S, or x=4*S-68=4*(S-17). There is only one among the four values that is
divisible by 4, so x must be 20 and S=22. These gives all five positive integers : 22-20=2, 22-20=2,
22-19=3, 22-15=7, 22-14=8.

Explanation: When the upper triangle is rotated about A by 90 degrees, both triangles share the same
vertex B and have equal bases AC and AA’. Therefore the 2 triangles have equal areas.
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21.

Note : The possible seating arrangements are (AB C), (B AC), (CAB), (CBA). Since Ais
equally likely to be seated in any seat,

P(ABC) = P(CBA) = P(BAC or CAB) = 1/3.

When B finds his place occupied, he is equally likely to be seated in the other two seats,
P(BAC) = P(CAB) =1/6

P(ABCorBAC)=1/3 +1/6=1/2

Or

the probability of (ABC) is 1/3.

The probability of (CBA) is 1/3

When A chooses the second seat, there are 2 choices left to B.
The probability of (BAC) is 1/3 x 1/2

The probability of (CAB) is 1/3 x 1/2

Therefore the required probability is 1/3 x 1/2 + 1/3 = 1/2

b. |Ans. : 1/2

Note : The answer is still 1/2. In fact, this is true for N men with any N not less than 2.
Suffices to illustrate with the case of four men A,B,C,D.

(1) If Asat in the first seat, then the only possible seating is (A B C D).

(2) If Asat in the second seat, then the only possible seating arrangements are (B A C D),
(CABD),(DABC),(DACB). NotethatB is forced to behave like drunk while there
are three seats for B,C,D to choose from.

(3) If Asat in the third seat, then the only possible seating arrangements are (C B A D),
(DBAC). Note that C is forced to behave like drunk while there are two seats for C,D to
choose from.

(4) If Asat in the fourth seat, then the only possible seating is (D B C A).

Hence, the chance of D sitting in the correct seat is 1 in (1), 1/2 in both (2) and (3), and 0 in (4).
Altogether, the chance of the fourth man (D) sitting in the correct seat is 1/2. The same line of
argument goes for any N men as long as N is 2 or larger.

P(seating 4 men with the first drunk) = % (1) + ¥a(1/2) + ¥4(1/2) + %2 (0)=1/2
Similarly,

P(seating 5 men with the first drunk )

1

_ 1 1111111 .+ 1
= g(l)+g(5)+g(§)+g(5)+g(o)—2

P(seating n men with the first drunk)
1 11 11 11 1 1
= SO+ O) )L () (0)= S
NN R4 N4 4447 N 2

(n—2)terms



